Abstract. In this paper we use some abstract Gronwall lemmas to study Volterra integral inequations in higher dimensions and Fredholm integral inequations.
Introduction
Let (X, ≤) be an ordered set and A : X → X an operator such that the equation
has a unique solution, x * A . The operatorial inequality problem (see Rus [22] ) is the following: Find conditions under which: (i) x ≤ A(x) =⇒ x ≤ x * A ; (ii) x ≥ A(x) =⇒ x ≥ x * A . To have a "concrete" result for this problem it is necessary to determine the solution x * A of the equation(1.1) or to find y, z ∈ X such that x * A ∈ [y, z]. In the last case we ask:
The aim of this paper is to study this problem in the case of integral operators using some abstract Gronwall lemmas.
Notions and notations
Throughout this paper we follow the terminology and notations in [21] . For the convenience of the reader we shall recall some of them.
Let X be a nonempty set and A : X −→ X an operator. Then A 0 := 1 X , A 1 := A, A n+1 := A • A n , n ∈ N -the iterate operators of the operator A. F A := {x ∈ X|A(x) = x} -the fixed point set of the operators A. Let
and Lim : c(X) −→ X an operator. By definition (Fréchet (1905); see [21] ) the triple (X, c(X), Lim) is called an L-space if the following conditions are satisfied:
By definition an element of c(X) is a convergent sequence and x := Lim(x n ) n∈N is the limit of this sequence; we write
In what follows we denote an L-space by (X, →). For some examples of L-spaces see [21] .
Abstract Gronwall lemmas
Let (X, →) be an L-space.
For P Os on ordered L-spaces we have the following results (see Rus [18] , [19] , [20] and [21] ). Lemma 3.1 (Abstract Gronwall lemma). Let (X, →, ≤) be an ordered L-space and A : X −→ X an operator. We suppose that
(ii) A is increasing.
If we denote by x *
A the unique fixed point of A, then
Lemma 3.2 (Abstract Gronwall-comparison lemma; [22] ). Let (X, →, ≤) be an ordered L-space and A, B : X −→ X two operators. We suppose that:
(ii) A and B are P Os; (ii) A and B are P Os; 
Volterra integral inequations in higher dimensions

Volterra integral equations
In what follows we consider the following integral equation 
Thus A is a contraction with respect to ∥ · ∥ B , for τ > 0 suitable chosen. 
Theorem 4.2. We suppose that
α > 0, K i ∈ C(D, R + ), i = 1, m. Then (a) u * (x) > 0, ∀x ∈ D; (b) If K i (x 1 , . . . , x m ) is increasing with respect to x i+1 , . . . , x m , i = 1, m − 1, then u * is increasing. Proof. (a) Let u 0 ∈ C(D, R + ) and u n := A n (u 0 ), n ∈ N * . Then from (4.1) we have that u n (x) ≥ α > 0, ∀x ∈ D
Lower solutions of (4.1)
Now we consider the inequation
By definition a solution of (4.2) is a lower solution of (4.1). We have 
. 
Proof
. . .
Consider the operator B : C(D) −→ C(D) defined by B(u)(x) := last part of (4.3). It is clear that the operator B is P O on (C(D),
unif. 
−→) and is increasing. Let u *
where f i (u) ≤ u, f i increasing and Lipschitz. Remark 4.3. As in [8] and [13] we can use the above results to study the solutions and lower solutions of Darboux problem u(x 1 , . . . , x m−1 , 0)=φ 1 (x 1 , . . . , x m−1 ), . . . , u(0, x 2 , . . . , x m )=φ m (x 2 , . . . , x m ) , where f ∈ C(D × R), f (x, ·) : R −→ R is L f -Lipschitz and increasing and φ i , i = 1, m are continuous.
Volterra-Fredholm integral inequations
Volterra-Fredholm integral equations
In what follows we consider the following integral equation
where 
−→).
From the above considerations we have Theorem 5.1. We suppose that
Then the equation ( 
−→ u * as n −→ ∞, for all u ∈ C(D).
In addition we suppose that
We consider the equation 
where Γ is the resolvent kernel of the equation (5.2).
Example 5.1. We consider the following integral equation
and the operators A and B are:
Let u ∈ C(D) be a lower solution of (5.3), then u ≤ u * , where u * is the unique solution of (5.3). If u * B is the unique fixed point of B, then u * ≤ u * B .
But, u * B can be obtained by successive approximation. So, 
In this case the resolvent kernel is 
